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Toward an alternative approach to the quantum mechanic ground state search, we theoretically
introduce a protocol in which energy of two identical systems are deterministically transferred. The
protocol utilizes a quantum interference between “forward” and “backward” time evolved states with
respect to a given Hamiltonian. In addition, to make use the protocol for the ground state search, we
construct a network with which we may be able to efficiently apply the protocol successively among
multiple systems so that energy of one of them is gradually approaching the lowest one. Although
rigorous analysis on the validity of the network is left as a future challenge, some properties of the
network are also investigated.
I. INTRODUCTION
A beautiful quantum extension of annealing computa-
tion – so-called quantum annealing computation – has
been proposed [1–9], and is paid lots of attentions to-
day even from industries. Similarly to the idea of the
classical annealing computation[10], a problem to be ad-
dressed is mapped into a so-called problem Hamiltonian
Hˆ whose ground state corresponds to the solution of the
problem. In the quantum annealing computation, on the
other hand, the ground state search is quantum mechan-
ically carried out by driving the physical state according
to a quantum dynamics. In particular, a specific property
of the adiabatic process in quantum dynamics is fully uti-
lized there. Introducing a driving Hamiltonian Vˆ which
is non-commutative with Hˆ, a time dependent Hamilto-
nian such as
Hˆ(t) = s(t)Hˆ + (1− s(t)) Vˆ (1)
is considered with a controlling function s(t) ∈ R
that typically behaves monotonically as s(0) = 0 and
s(tf ) = 1. (tf is the final time of the annealing pro-
cess.) According to the adiabatic theorem in the quan-
tum mechanics[11–13], when the state of the system is
prepared in the ground state of Vˆ initially (t = 0), the
state evolved by the time dependent Hamiltonian is ap-
proximately maintained to be the ground state of in-
stantaneous Hamiltonian Hˆ(t) at the each moment, if
the time dependence of s(t) is sufficiently gentle. When
the condition is satisfied, as the consequence of the adi-
abatic theorem, we can find the ground state of Hˆ with
a high probability in a measurement to be performed
at t = tf . In the evolution, the state can become highly
non-classical and can quantum mechanically shortcut the
classical path of computation (or quantum tunneling) if
necessary. Thus, the computation is expected to be su-
perior to the classical annealing computation.
On the other hand, the speed of the quantum anneal-
ing computation is restrictively determined by the gap
(:= gmin(t)) between the energy levels of the ground state
(|g(t)〉) and the first excited state (|e(t)〉) of the instan-
taneous Hamiltonian. More specifically,
maxt∈[0,tf ] |〈e(t)| ddtHˆ(t)|g(t)〉|
mint∈[0,tf ] gmin(t)2
 1
is required to achieve the appropriate adiabatic process
(and that is the exact reason that the gentleness of s(t)
is required.) In other words, when there exists a small
gap, the time derivative of the control function cannot be
large so much, and tf becomes unavoidably large. Unfor-
tunately, some examples indicating that a quantum first
order phase transition tends to occur during the adiabatic
computation [14–20] have been found. In these cases,
mint∈[0,tf ] gmin(t) becomes exponentially small with re-
spect to the size of the system, and implies an exponential
slowing down of the speed of the computation. Although
various interesting investigations to avoid the phase tran-
sition by appropriate choices of Vˆ and s(t) are being tried
[21–24], the slowing down can be a fundamental bottle-
neck of the existing quantum annealing computation.
With the circumstances, we propose an alternative ap-
proach to the quantum mechanic ground state search.
The approach consists of the following two parts: (1)In-
troduction of an energy transfer protocol between two
systems, and (2)Network structure to efficiently apply
the protocol to the ground state search. Combining the
two ideas, we aim to gradually remove the energy of a
system so as the state of the system efficiently achieves
the ground state of the Hamiltonian.
We describe our idea as follows: In the next section, we
introduce the energy transfer protocol between two sys-
tems. The protocol is determined only by the problem
Hamiltonian. There, we will find that the protocol inter-
estingly utilizes a quantum interference between forward
and backward time evolved states in terms of the Hamil-
tonian. In SEC.III, we show that the energy transfer by
the above protocol can be described in a short time be-
havior of the solution of a certain nonlinear Schro¨dinger
equation. In addition, a property of the solution effi-
ciently converging to the ground state of the problem
Hamiltonian is demonstrated. In SEC.IV , aiming a
physical emulation of the nonlinear Schro¨dinger equation
beyond the short time behavior, we propose a network
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2with which we can apply the protocol successively among
multiple systems. Although this part remains further
challenges that should be carefully clarified, some anal-
ysis on the validity of the network are also discussed in
SEC.V.
II. ENERGY TRANSFER PROTOCOL
In this section, we introduce an energy transfer pro-
tocol between two systems. Suppose that we have two
systems (a and b) which are in a same state |ϕ0〉. (Total
state of the two system is |ϕ0〉 ⊗ |ϕ0〉 in Hilbert space
Ha ⊗ Hb ' H⊗2.) With respect to Hamiltonian Hˆ on
each Hilbert space, both systems have the same expecta-
tion value, i.e.,
E0 := 〈ϕ0|Hˆ|ϕ0〉. (2)
In the following, we introduce a protocol among the two
systems that realizes
Tr
(
ρaHˆ
)
≤ E0 ≤ Tr
(
ρbHˆ
)
(3)
where ρa and ρb are the reduced states of systems a and
b obtained by the protocol respectively. The protocol
works independently from the specific forms of Hamilto-
nian and the state |ϕ0〉.
Protocol:
1. Prepare a initial state
|Ψin〉 := |ϕ0〉 ⊗ |ϕ0〉 (4)
in Hilbert space Ha ⊗Hb.
2. Acting unitary operation described as
U = e+iSˆab pi/4
(
e−iHˆt/2 ⊗ e+iHˆt/2
)
(5)
where Sˆab is a swapping operator amongHa⊗Hb('
H⊗2) that holds
Sˆab|j〉 ⊗ |k〉 = |k〉 ⊗ |j〉 (6)
with a given orthonormal basis {|j〉} for each
Hilbert space H.
(Similar idea of the usage of the swapping operation for
making quantum mechanic time evolution of one system
depend on another quantum state can be found in [25].)
Notice that the unitary operation in (5) contain
a swapping operation between “forward evolved state
e−iHˆt/2|ϕ0〉” and “backward evolved state e+iHˆt/2|ϕ0〉”.
Following the above protocol, we obtain
ρa:= Trb
(
U |Ψin〉〈Ψin|U†
)
=
1
2
(
e−iHˆt/2|ϕ0〉〈ϕ0|e+iHˆt/2 + e+iHˆt/2|ϕ0〉〈ϕ0|e−iHˆt/2
)
+i
1
2
〈ϕ0|e−iHˆt|ϕ0〉 e+iHˆt/2|ϕ0〉〈ϕ0|e+iHˆt/2
−i1
2
〈ϕ0|e+iHˆt|ϕ0〉 e−iHˆt/2|ϕ0〉〈ϕ0|e−iHˆt/2 (7)
and
ρb:= Tra
(
U |Ψin〉〈Ψin|U†
)
=
1
2
(
e−iHˆt/2|ϕ0〉〈ϕ0|e+iHˆt/2 + e+iHˆt/2|ϕ0〉〈ϕ0|e−iHˆt/2
)
−i1
2
〈ϕ0|e−iHˆt|ϕ0〉 e+iHˆt/2|ϕ0〉〈ϕ0|e+iHˆt/2
+i
1
2
〈ϕ0|e+iHˆt|ϕ0〉 e−iHˆt/2|ϕ0〉〈ϕ0|e−iHˆt/2 (8)
where Trb and Tra are partial trace operations over Hb
and Ha respectively. The second and third lines in (7)
and (8) are interference terms of the forward and back-
ward evolved states. Notice that, because of the existence
of the interference terms, an energy transfer among the
two systems occurs. In fact, we can find that
Ea := Tr
(
ρaHˆ
)
= E0 +
1
2
d
dt
P0(t) (9)
and
Eb := Tr
(
ρbHˆ
)
= E0 − 1
2
d
dt
P0(t) (10)
hold where P0(t) is the survival probability defined as
P0(t) = |〈ϕ0|e−iHˆt|ϕ0〉|2. (11)
Considering small t(= δt > 0), we can estimate (9) and
(10) as
Ea = E0 − δE20δt+O(δt3) (12)
and
Eb = E0 + δE
2
0δt+O(δt
3) (13)
where δE20 > 0 is the energy variance defined as
δE20 := 〈ϕ0|Hˆ2|ϕ0〉 − 〈ϕ0|Hˆ|ϕ0〉2. (14)
With a small enough δt to safely ignore O(δt3), the above
indicates an energy transfer proportional to the variance
from system a to b.
III. NON-LINEAR SCHRO¨DINGER EQUATION
In this section, we show that there exists a non-
linear Schro¨dinger equation approximately correspond-
ing to the protocol introduced in the previous section.
Expanding (7) and (8) by t(= δt > 0), we obtain
ρa= |ϕ0〉〈ϕ0| − iδt
[
Gˆ0, |ϕ0〉〈ϕ0|
]
−δt
2
8
({
Hˆ2, |ϕ0〉〈ϕ0|
}
− Hˆ|ϕ0〉〈ϕ0|Hˆ
)
+O(δt3)(15)
ρb= |ϕ0〉〈ϕ0|+ iδt
[
Gˆ0, |ϕ0〉〈ϕ0|
]
−δt
2
8
({
Hˆ2, |ϕ0〉〈ϕ0|
}
− Hˆ|ϕ0〉〈ϕ0|Hˆ
)
+O(δt3)(16)
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Ea := Tr
⇣
⇢aHˆ
⌘
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Eb := Tr
⇣
⇢bHˆ
⌘
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(a) Idea of protocol (b) Simple notation
FIG. 1: Schematic Illustration of the energy transfer protocol. In FIGs.3 and 4, the protocol is represented
by the simple notation in (b).
where Gˆ0 is an hermitian operator defined as
Gˆ0 := −i
[
Hˆ
2
, |ϕ0〉〈ϕ0|
]
. (17)
Generalizing (15), (16) and (17), let us introduce the
following non-linear Schro¨dinger equation:
d
dt
|ϕt〉 = −iGˆt|ϕt〉 (18)
with a state-dependent hermitian operator
Gˆt = −i
[
Hˆ
2
, |ϕt〉〈ϕt|
]
. (19)
(Interestingly, in literatures[26–29] on the two beams cou-
pling phenomena in photorefractive media, we find that
equations with similar structure to (18) and (19) have
been phenomenologically introduced.) Employing an ini-
tial state as
|ϕt=0〉 = |ϕ0〉, (20)
we obtain
ρa= |ϕ+δt〉〈ϕ+δt|
−δt2
({
Γˆ0, |ϕt=0〉〈ϕt=0|
}
− 2〈ϕt=0|Γˆ0|ϕt=0〉
)
+O(δt3) (21)
ρb= |ϕ−δt〉〈ϕ−δt|
−δt2
({
Γˆ0, |ϕt=0〉〈ϕt=0|
}
− 2〈ϕt=0|Γˆ0|ϕt=0〉
)
+O(δt3) (22)
with
Γˆ0 =
1
4
(
Hˆ − 〈ϕt=0|Hˆ|ϕt=0〉
)2
. (23)
Equations (21) and (22) suggest that ρa and ρb obtained
by the above protocol approximately emulates the short
time dynamics described in the non-linear Schro¨dinger
equation in (18) in forward (+δt) and backward (−δt)
directions respectively. We utilize the fact to propose
an efficient combination of the protocol among systems
to physically emulate the non-linear dynamics for finite
time interval (beyond the short time dynamics). Before
the proposal, let us remark some properties on the non-
linear Schro¨dinger equation itself.
In the following, let us suppose a form of Hamiltonian
as
Hˆ =
dim(H)∑
j=1
εj |εj〉〈εj | (24)
with
ε1 < ε2 ≤ · · · ≤ εdim(H). (25)
(For simplicity, we assume that there is no degeneracy
in its ground state.) Remember that dim(H) is the size
of the search space. Unless 〈ε1|ϕt=0〉 is exactly 0, the
probability P1(t) := |〈ε1|ϕt〉|2 grows exponentially and
converges to one. (Remember that |ϕt〉 is the solution of
eq.(18) with eq.(19).) For example, when we chose initial
state |ϕt=0〉 as
|ϕt=0〉 = 1√
dim(H)
dim(H)∑
j=1
|εj〉, (26)
we can proof that
1
(dim(H)− 1) exp(−Dt) + 1 ≤ P1(t) (27)
and
P1(t) ≤ 1
(dim(H)− 1) exp(−∆t) + 1 (28)
hold, where
∆ := ε2 − ε1, and D := εdim(H) − ε1. (29)
(See appendix for the derivation of the inequality.) By
the inequality, for tc such as P1(tc) = c, we find
1
D
log
dim(H)− 1
1/c− 1 ≤ tc ≤
1
∆
log
dim(H)− 1
1/c− 1 . (30)
4From the computational complexity theoretic point of
view, c is not necessarily to be a constant. In general
1/poly of log(dim(H)) (31)
is sufficient as an interesting choice of c. (Remember
that dimH is corresponding to the size of the search
space.) Notice that ∆ –the gap of the problem Hamilto-
nian itself– does not depend on dim(H) in a reasonable
setting, whereas gmin(t) in the quantum annealing pro-
cess are apt to do (See Sec.I). The dependence in the
latter approach implies time scales for the annealing pro-
cess to be polynomial in dim(H) that is exponential to
tc in (30). In fact, in FIG.2, efficient convergences to 1
of P1(t) are numerically shown with respect to some ex-
amples. They indicate that if we can efficiently emulate
the dynamics of the non-linear Schro¨dinger equation up
to the time scale tc, we may be able to utilize the em-
ulation to find the ground state of a given Hamiltonian
more efficiently than by the adiabatic annealing process.
That motivates us to extend the protocol in the previous
section (that corresponds to the short time emulation of
the non-linear Schro¨dinger equation) to achieve the finite
time emulation.
Notice that, if we disregard efficiency in terms of the
number of systems, there exists a trivial way of such ex-
tension. Applying the energy transfer protocol in a ‘tour-
nament manner’ as is shown in FIG.3, we approximately
obtain |ϕt=+nδt〉 using 2n systems. More precisely, the
final state in Hilbert space H2n becomes
ρ2n(+nδt)= |ϕt=+nδt〉〈ϕt=+nδt|
−δt2
n−1∑
k=0
(
{Γˆk, |ϕt=+kδt〉〈ϕt=+kδt|}
−2〈ϕt=+kδt|Γˆk|ϕt=+kδt〉
)
+O(δt3) (32)
where Γˆk is defined similarly to (23) as
Γˆk =
1
4
(
Hˆ − 〈ϕt=+kδt|Hˆ|ϕt=+kδt〉
)2
. (33)
Putting n = tc/δt, we obtain
〈ϕt=tc |ρ2n(tc)|ϕt=tc〉 > 1−O(δt). (34)
In the tournament way, however, 2n systems will be re-
quired to achieve the emulation up to tc = nδt. In addi-
tion, to make the dynamics in (19) safely approximated
by the discretized time steps, δt < D−1 is also required.
Combining the requirement for δt with (30), the required
number of the systems is estimated as
2n ∼ O(dim(H)) (35)
which is proportional to the size of the search space (that
is inefficient).
IV. AN IMPROVEMENT OF NETWORK
To resolve the inefficiency by the tournament network,
we consider an improvement of the network for the
emulation. In the following, we make use of the fact
that |ϕt=+(k+1)δt〉 and |ϕt=+(k−1)δt〉 are simultaneously
obtained when the protocol is applied to two systems
in |ϕt=+kδt〉 ⊗ |ϕt=+kδt〉. We construct a new network
among Hilbert space H1⊗, · · · ,⊗H2m
(
= H⊗2m) as
follows:
1. Introducing integer step ∈ {0, · · · , step∗}, an in-
teger function τj(step) is assigned to each Hilbert
space Hj . We put τj(0) = 0 is for all j ∈
{1, · · · , 2m}.
2. For a given {τj(step)}j∈{1,··· ,2m}, {τj(step +
1)}j∈{1,··· ,2m} is iteratively defined as follows:
(a) Start with j = 1.
(b) If there is no j′(> j) such as τj(step) =
τj′(step), define τj(step+ 1) by
τj(step+ 1) := τj(step).
(c) Otherwise, create a pair {j, j′} with the mini-
mum j′ that holds τj(step) = τj′(step), define
τj(step+ 1) and τj′(step+ 1) by
τj(step+ 1) := τj(step)− 1
and
τj′(step+ 1) := τj′(step) + 1.
(d) Add the pair {j, j′} as an element of the set
Σ(step).
(e) Set j = j′′ where j′′(> j) is the minimum
integer that does not appear yet in any pair
included in Σ(step), go back to (b) until j =
2m.
3. Making increment as step = step+ 1, go back to 2.
(Repeat the increment, unless Σ(step) = ∅.)
4. Let step∗ be the final value of step.
(See also FIG.4.) We can numerically verify the ex-
istence of such step∗ and step∗ = O(m2). In each
step ∈ {1, · · · , steps∗}, we apply our protocol to the pairs
of two systems onHj andHj′ appearing in Σ(step). Sup-
pose that ρj(step) ⊗ ρj′(step) exists on Hj ⊗Hj′ where
each state is given
ρj(step)= |ϕt=τ(step)δt〉〈ϕt=τ(step)δt|
+δt2δρj +O(δt
3) (36)
and
ρj′(step)= |ϕt=τ(step)δt〉〈ϕt=τ(step)δt|
+δt2δρj′ +O(δt
3) (37)
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FIG. 2: Hamiltonian dependence of P1(t). Four Hamiltonians defined in TABLE I are exampled. In each panel,
each line from top to bottom corresponds to the case of dim(H) = 23 (black), 24 (purple), 25 (blue), 26 (green), 27
(magenta), 28 (orange), and 29 (red), respectively. In all cases, the initial state is chosen according to (26). (In (d),
degree of degeneracy J is multiplied to P1(t). See TABLE I for the definition of J .)
Hamiltonian Implication Definition of Hamiltonian with (24)
(a) Database search
εj = −∆ for j = 1, and
εj = 0 for others.
(b) A symmetrization of (a)
εj = −∆ for j = 1,
εj = 0 for 1 < j < dim(H), and
εj = +∆ for j = dim(H).
(c) Binomial distribution
εj = −∆ (B0 [j − 1, dim(H)]−B1 [j − 1, dim(H)]),
where Bq[x, y] is the number of q in the binary
representation of x in log2 y-digits.
(d) Another symmetrization of (a)
j = −∆ for 1 ≤ j ≤ J ,
j = 0 for j0 < j < dim(H)− J , and
j = +∆ for dim(H)− J ≤ j ≤ dim(H)
with J = Integer part of
√
dim(H)− 1.
TABLE I: Hamiltonians examined in FIGs.2 and 5.
respectively. Being applied the protocol, the states are
evolved as
ρj(step) 7→ |ϕt=(τ(step)−1)δt〉〈ϕt=(τ(step)−1)δt|
−δt2
({
Γˆτ(step)δt, |ϕt=τ(step)δt〉〈ϕt=τ(step)δt|
}
−2〈ϕt=τ(step)δt|Γˆτ(step)δt|ϕt=τ(step)δt〉
)
+
δt2
2
(δρj + δρj′) +O(δt
3) (38)
and
ρj′(step)7→ |ϕt=(τ(step)+1)δt〉〈ϕt=(τ(step)+1)δt|
−δt2
({
Γˆτ(step)δt, |ϕt=τ(step)δt〉〈ϕt=τ(step)δt|
}
−2〈ϕt=τ(step)δt|Γˆτ(step)δt|ϕt=τ(step)δt〉
)
+
δt2
2
(δρj + δρj′) +O(δt
3). (39)
Notice that, undergoing each protocol, the deviation
(from the first term) which is order of O(δt2) will be
6FIG. 3: Tournament Network. The network requires
24 = 16 systems to execute the four steps achieving
|ϕ+4δt〉.
additionally accumulated. In order to reduce such devi-
ations as much as possible, we employ an additional pro-
cedure replacing the states in (36) and (37) by the fresh
initial state |ϕt=0〉〈ϕt=0| for the pair with τ(step) = 0
and step 6= 0.
For the given the network, starting from initial state
|ϕt=0〉⊗2m ∈ H⊗2m with step = 0, being applied the
above repeatedly to the pairs indicated by the network,
the state in Hilbert space Hj finally becomes
ρj(step
∗)= |ϕt=τj(step∗)δt〉〈ϕt=τj(step∗)δt|
−δt2
2m+1∑
k=1
K
(2m)
j,k
(
{Γˆk′ , |ϕt=k′δt〉〈ϕt=k′δt|}
−2〈ϕt=k′δt|Γˆk′ |ϕt=k′δt〉
)
+O(δt3) (40)
where k′ = k−m−1 and K(2m)j,k is the consequence of the
above mentioned accumulation of the deviation from the
first term. Notice that the coefficient can be determined
only by the structure of the network but independently
from Hamiltonian Hˆ. (Further properties of the coeffi-
cient will be addressed shortly after.) By the construc-
tion of the network, τj(step
∗) is uniquely determined as
τj(step
∗) =
{
j −m− 1 for 1 ≤ j ≤ m
j −m for m < j ≤ 2m. (41)
Thus, the state in Hilbert space H2m particularly be-
comes
ρ2m(step
∗)= |ϕt=+mδt〉〈ϕt=+mδt|
−δt2
2m+1∑
k=1
K
(2m)
2m,k
(
{Γˆk′ , |ϕt=k′δt〉〈ϕt=k′δt|}
−2〈ϕt=k′δt|Γˆk′ |ϕt=k′δt〉
)
+O(δt3). (42)
The required number of the systems to make the first
term achieve |ϕt=tc〉〈ϕt=tc | is given as
2m ∼ O(log dim(H)) (43)
that seems an exponential improvement of (35). To make
the improvement veridical, we need to check that the sec-
ond term in (42) is subdominant in comparison with the
first term. Because of the existence of coefficient K
(2m)
j,k ,
the estimation of the second term becomes nontrivial in
comparison with the case of the tournament network.
We numerically find that the coefficient approximately
follows a scaling law as
K
(2m)
j,k ∼ Λ−1K(2Λm)Λj,Λk (44)
with a positive real parameter Λ. (See appendix too
for the scaling law.) That scaling law implies K
(2m)
j,k =
O(m). Together with m = O(δt−1), the order of the co-
efficient can be estimated as K
(2m)
j,k = O(δt
−1), and the
order of the second term of (42) including δt2-factor can
be estimated as
Ξˆ2m :=δt
2
2m+1∑
k=1
K
(2m)
2m,k
(
{Γˆk′ , |ϕt=k′δt〉〈ϕt=k′δt|}
−2〈ϕt=k′δt|Γˆk′ |ϕt=k′δt〉
)
= O(δt0). (45)
Unlike (34), we cannot control the order of the magni-
tude of the second term by choosing a smaller δt. In other
words, for such m, the reason the higher order terms to
be less dominant cannot rely on the order of δt itself.
Further careful estimation is required to check if the sec-
ond term is still subdominant even under such situation.
We will numerically address this issue in the following
section.
V. REMARKS ON THE IMPROVED
NETWORK
Besides the issue of the term in (45), we have the fol-
lowing fundamental constraint that may hinder (43) to
be veridical: Remember that the protocol we proposed in
SEC.II preserves the total energy on the two systems as
is clearly shown in (9) and (10). In other words, the total
energy of the 2m systems participating to the proposed
network must be preserved. If the first term in (42) is
dominant, the total energy of the 2m systems is given as
2m∑
k=1
〈ϕt=kδt|Hˆ|ϕt=kδt〉 ' 2mE0 (46)
From the above, we obtain
m >
1
2
εdim(H) − ε1
εdim(H) − E0 . (47)
With examples (b), (c), and (d) in TABLE I, since E0 =
0 and ε1 = −εdim (H) hold, the above inequality does
not give any practical condition for m. On the contrary,
7(a) Integer function τj(step) (b) Example of the network with m = 4.

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
(c) Example of the network with m = 16.
FIG. 4: Improved Network.
however, since E0 = −∆/dim(H) and ε1 = 0 hold with
example (a),
m >
dim(H)
2
(48)
is implied. The bound is obviously contradicting to (43),
and the network would not work as is expected. In other
words, there certainly exists a necessary condition to
make the network appropriately work in the spectrum
structure of the Hamiltonian. The necessary condition,
however, can be always satisfied by employing the follow-
ing trick. For a given Hamiltonian Hˆ on H, introducing
a doubling Hilbert space H˜ = H ⊗ H, we can always
introduce a doubled Hamiltonian
H˜ = Hˆ ⊗ I − I ⊗ Hˆ (49)
instead of the original Hˆ. Notice that the ground state
of H˜ is |g〉 ⊗ |e〉 where |g〉 and |e〉 is the ground and the
most excited state of Hˆ respectively. (Similarly, the most
excited state of H˜ is |e〉 ⊗ |g〉.) Thus, if we succeed to
dynamically search the ground state of H˜, we can obtain
the ground state of Hˆ at the same time. Moreover, when
we apply our approach to H˜ instead of Hˆ, since E0 = 0
and εdim(H˜) = −ε1 always hold, the inequality in (47)
does not give any practical condition for m. Thus, if
necessary, we can always employ this doubling trick to
resolve the condition in (47). (Example (b) in TABLEI
with dim(H) = N2 corresponds to the doubling trick
applied to example (a) with dim(H) = N .)
Now, let us go back to the estimation of (45). As a
simplest trial, we numerically compute
ξmα := 〈ϕt=+mαδt| Ξˆ2mα |ϕt=+mαδt〉 (50)
where mα is the minimum m which holds
P1(+mδt) =
1
2
(
log2 8
log2 dimH
)α
, (51)
with integer α. Condition |ξmα |  1 would be a neces-
sary condition to be sure that the improved network ap-
propriately works. (Remember that P1(0) = (dimH)−1.
Probability P1(+mαδt) is exponentially large in compar-
ison with P1(0). We employ the particular form of (51)
so that mα is independent from α for dimH = 8.) As is
shown in FIG.5, we find that increasing of α restrains the
amplitude of ξmα with each example. More significantly,
the amplitude of ξmα tends to be saturated as dimH in-
creases. If that is the case, the behavior suggests that
the proposed network with the protocol would work ef-
ficiently (i.e., within complexity of (polynomial of) the
logarithmic with respect to dimH) to find the ground
state of the Hamiltonian. Notice that the Hamiltonian
of example (a) (or example (b) as the doubled version
of example (a)) corresponds to the database searching
problem and that the above suggestion might imply an
exponential improvement of the well known results by
Grover’s algorithm [30, 31] or by the ordinary quantum
annealing approach [3–5]. Unfortunately, to be sure of
the suggestion rigorously, we need further investigations
beyond the numerical examination as remains to be our
future challenge.
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FIG. 5: Plot of ξmα in (50). All numerical computations are done with δt = 0.01∆
−1. Each K(2mα)j,k used in the
computation is obtained from K
(2×128)
j,k following the scaling low in (44). (Since the case in (a) is contradicting to
the necessary condition in (48), the plot of (a) is shown merely as a reference.)
Concerning the number of the systems required in run-
ning the above, we can reduce the number by decreasing
of the success probability of the finding the ground state.
Instead of 2m systems in Hilbert space H⊗2m, let us
consider a compound system described in Hilbert space
H ⊗ K where dimK = 2m. On the compound system,
preparing an initial state
|ϕ0〉 ⊗ 1√
dimK
dimK∑
j=1
|j〉 (52)
with orthonormal basis {|j〉}dimKj=1 of K, we can apply our
energy transfer protocol not to two systems in Hilbert
spaces Hj and Hj′ but to the two components of the
state vector in the sectors spanned by |j〉 and |j′〉. Fi-
nally, the component of the state vector spanned by |2m〉
approximately achieves |ϕt=+mδt〉 in H. Notice that the
probability to obtain the component by measurement is
(dimK)−1 = (2m)−1, and that the probability is still
logarithmic polynomial in dimH. Thus, even taking the
probability into account, we have a good chance to find
the ground state with a probability of logarithmic poly-
nomial with respect to dimH. The system for Hilbert
space K is implementable as an ancillary system with
log2(2m)(= O(log log dimH)) qubits that is efficient at
least in a theoretical sense.
VI. SUMMARY
In this article, we have introduced the following two
idea; 1) Energy transfer protocol among two systems, and
2) Network structure to efficiently apply the protocol to
the ground state search problem. Below we make some
additional comments on each of them.
First, let us remark on the conceptually interesting
point of the first protocol. As is well known, Hamil-
tonian has two significant roles in the quantum mechan-
ics in general; one is as an observable corresponding to
energy, another is as a generator of the time evolution
of the dynamics. As the consequence, the energy of the
system is always conserved under the dynamics naturally
generated by the Hamiltonian itself. To change the en-
ergy of the system dynamically, we need something else
besides Hamiltonian. What we found here, on the other
hand, is a use of the interference induced by the quantum
swapping among two systems in forward and backward
evolved state. The interference can create the one-way
energy transfer among the two systems, while the total
energy of the two systems is conserved. In defining the
protocol, we do not need any extras but only Hamiltonian
itself, swapping operation, and time duration parameter
δt. The simple structure makes us imagine a good rela-
tions of the protocol to fundamental aspects of quantum
mechanics. In fact, (12) and (13) can be interpreted as
9“the time duration δt ∼ δE−10 is required to achieve the
energy transfer of the magnitude of δE0 that each sys-
tem originally has”. That seems a manifestation of the
time-energy uncertainty relation that has not been well
investigated before. Besides it, we expect that the pro-
tocol might give a new insight into a relation among the
three fundamental topics in quantum mechanics, i.e., en-
ergy, time evolution, and interference.
Concerning the network part, we remain some chal-
lenges to be done. First of all, although our numeri-
cal analysis seems positively suggest the existence of ex-
amples with which our approach works, further rigorous
analysis to check if such suggestion can be proven or not
will be indispensably required. The issue is left as future
challenge of our approach. Besides it, like all proposals
for quantum computation, relies on speculative technol-
ogy, does not in its current form take into account all
possible sources of noise, unreliability and manufactur-
ing error, and probably might not work [32]. For the
reason, estimations of stability or fault tolerance of our
approach against any imperfections would be another in-
dispensable challenge we need to address. In addition,
combinations with some quantum error correction tech-
nique would be also exciting challenge from both theo-
retical and practical points of view.
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Appendix A: Derivation of inequality (30)
From eqs. (18), (19) and (20), we obtain
d
dt
P1(t) = −
(
ε1 − 〈ϕt|Hˆ|ϕt〉
)
P1(t). (A1)
Noticing
ε1P1(t) + ε2 (1− P1(t)) ≤ 〈ϕt|Hˆ|ϕt〉
and
〈ϕt|Hˆ|ϕt〉 ≤ ε1P1(t) + εdimH (1− P1(t)) ,
we find that
∆ P1(t) (1− P1(t)) ≤ d
dt
P1(t) (A2)
and
d
dt
P1(t) ≤ D P1(t) (1− P1(t)) (A3)
hold. Notice that, when the equality holds, the differen-
tial equation for P1(t) is so-called the logistic equation
[33, 34] whose analytical solution is known. With the
initial state in (26), we obtain (30).
Appendix B: On the scaling law in (44)
In this section, we numerically show the scaling be-
havior of K
(2m)
j,k described in (44). In (a)–(d) of Fig.6,
we show the amplitude of K
(2m)
j,k numerically computed
with m = 16, 32, 64 and 128 respectively. Their cross sec-
tions at 8 dashed lines indicated in (1)–(8) are rescaled
according to (44) and plotted in (e). As we see, the scal-
ing law in (44) seems well-justified.
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(a) m = 16 (b) m = 32
(c) m = 64 (d) m = 128
(1) (2) (3) (4)
(5) (7)(6) (8)
rescaled k
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(e) Cross sections rescaled by (44)
FIG. 6: On the scaling law in (44). In (a)–(d), the numerically computed amplitude of K
(2m)
j,k is plotted with
m = 16, 32, 64 and 128 respectively. Each of the eight panels in (e) corresponds to the dashed line (1)–(8) in (a)–(d).
The plot colors (blue, green, red and black) in (e) correspond to (a), (b), (c) and (d) respectively. In (e), the
amplitude are rescaled following (44) based on the case of m = 16.
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